In this paper, we study Hyers-Ulam stability for integral equation of Volterra type in time scale setting. Moreover we study the stability of the considered equation in Hyers-Ulam-Rassias sense. Our technique depends on successive approximation method, and we use time scale variant of induction principle to show that (1.1) is stable on unbounded domains in Hyers-Ulam-Rassias sense.
Introduction
In 1940, S. M. Ulam gave a wide range of talks at the Mathematics Club of the University of Wisconsin, in which he discussed a number of important unsolved problems. One of them was the following question:
Let G 1 be a group and let G 2 be a group endowed with a metric d. Given ǫ > 0, does there exist a δ > 0 such that if a mapping h : G 1 → G 2 satisfies the inequality d(h(xy), h(x)h(y)) < δ, for all x, y ∈ G 1 , can we find a homomorphism θ : G 1 → G 2 such that d(h(x), θ(x)) < ǫ,
This problem was solved by Hyers for approximately additive mappings on Banach spaces [3] . Rassias generalized, in his work [11] , the result obtained by Hyers. Since then the stability of many functional, differential, integral equations have been investigated, see [4] , [7] , [8] , and references there in.
In this paper we shall consider the non-homogeneous volterra integral equation of the first kind x(t) = f (t) + 
where f ∈ C rd (I T , R), k ∈ C rd (I T × I T , R) and x is the unknown function. First, we introduce the basic definitions that will be used through out this paper. Definition 1.1. The integral equation (1.1) is said to be has Hyers-Ulam stability on I T if for any ε > 0 and each ψ ∈ C rd (I T , R) satisfying
then there exists a solution ϕ of equation (1.1) and a constant C ≥ 0 such that
The constant C is called Hyers-Ulam stability constant for equation (1.1). Definition 1.2. The integral equation (1.1) is said to be has Hyers-UlamRassias stability, with respect to ω, on I T if for each ψ ∈ C rd (I T , R) satisfying
for some fixed ω ∈ C rd (I T , [0, ∞)), then there exists a solution ϕ of equation (1.1) and a constant C > 0 such that
we shall investigate Hyers-Ulam stability and Hyers-Ulam-Rassias stability of integral equation (1.1) on both bounded and unbounded time scales intervals. Proof. For given ε > 0 and each ψ ∈ C rd (I T , R) satisfying
we consider the recurrence relation
for t ∈ I T with ψ 0 (t) = ψ(t). We prove that {ψ n (t)} n∈N converges uniformly to the unique solution of Equation (1.1) on I T . We write ψ n (t) as a telescoping sum
Using mathematical induction we prove the following estimate
3)
So the estimate (2.3) holds for i = 1. Assume that the estimate (2.3) is true for i = n ≥ 1. We have
hence the estimate (2.3) it valid for i = n + 1. This shows that the estimate (2.3) is true for all i ≥ 1 on I T . See that
Applying Weierstrass M-Test, we conclude that the infinite series
converges uniformly on t ∈ I T . Thus from (2.2), the sequence {ψ n (t)} n∈N converges uniformly on I T to some ϕ(t) ∈ C rd (I T , R). Next, we show that the limit of the sequence ϕ(t) is the exact solution of (??). For all t ∈ I T and each n ≥ 1, we have
Taking the limits as n → ∞ we see that the right hand side of the above inequality tends to zero and so
By letting n → ∞ on both sides of (2.1), we conclude that ϕ(t) is the exact solution of (??) on I T . Then there exists a number N such that |ψ
which completes the proof.
Remark 2.2. We can find an estimate on the difference of two approximate solutions of the integral equation (1.1). Let ψ 1 and ψ 2 are two different approximate solutions to (1.1) that is for some ε 1 , ε 2 > 0, and for all t ∈ I T
4)
and
If ψ 1 is an exact solution of equation (1.1), then we have ε 1 = 0.
Proof. Adding the two inequalities (2.4), (2.5) and making use of |α| − |β| ≤ |α − β| ≤ |α| + |β|, we get
for all t ∈ I T where ε :
where we make an application of Grönwall's inequality in the last step. By Theorem we have
,
Hyers-Ulam-Rassias Stability
In this section we investigate a result concerning Hyers-Ulam-Rassias stability of equation (1.1) on both I T := [a, b] T and unbounded interval [a, ∞) T .
Theorem 3.1. Assume ψ ∈ C rd (I T , R) satisfying
for some fixed ω ∈ C rd (I T , R + ) for which there exists a constant P ∈ (0, 1) such that
Then there exist a unique solution ϕ of Equation (??) such that
Proof. Consider the following iterative scheme
for t ∈ I T with ψ 0 (t) = ψ(t). By mathematical induction, it is easy to see that the following estimate
holds for each n ∈ N and all t ∈ I T . By the same argument as in Theorem 2.1 we prove that the sequence ψ n (t) n∈N converges uniformly on I T to the unique solution, ϕ, of the integral equation (1.1). Then there exists a positive integer N such that |ψ N (t) − ϕ(t)| ≤ w(t), t ∈ I T . Hence
which shows that (1.1) has Hyers-Ulam-Rassias stability on I T . 
where ω ∈ C rd ([a, ∞) T , R + ) with the property
for λ ∈ (0, 1). Then the integral equation (1.1) has Hyers-Ulam-Rassias stability, with respect to ω, on [a, ∞) T .
Proof. We apply the time scale mathematical induction in [a, ∞) T on the following statements A(r) : the integral equation (1.1) 
where ω ∈ C rd ([a, r] T , R + ), then there exist a unique solution to equation (1.1)
We want to prove that A(σ(r)) is true. Assume that the function ψ satisfies
It is clear that ϕ σ(r) is a solution of (1.1) on [a, σ(r)] T . Moreover, on we have
See that |ϕ σ(r) (σ(r)) − ψ(σ(r))| = |f (σ(r)) + µ(r)k(σ(r), r)ϕ r (r) − µ(r)k(σ(r), r)ψ(r)
So we have
III. Let r ∈ [a, ∞) T be right-dense and U r be a neighborhood of r. Assume A(r) is true, i.e. for each ψ : [a, r] T → R satisfying
We show that A(τ ) is true for all τ ∈ U r ∩ (r, ∞) T . For τ > r assume that the function ψ satisfies
By Theorem for each τ ∈ U r , τ > r, the integral equation
has exactly on solution ϕ τ (·). Therefore the mapping ξ τ : [a, τ ] T → R defined by
is a solution of the integral equation
We have IV. Let r ∈ (a, ∞) T be left-dense such that A(s) is true for all s < r. We prove that A(r) by the same argument as in (III). By the induction principle the statement A(t) holds for all t ∈ [a, ∞) T , that means the integral equation (1 + 5t) = ∞.
Hence, there is no Hyers Ulam stability constant.
